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Abstract
A (K4 − e)-design of order v + w embeds a given Steiner triple system if there is a subset of v points on which the graphs of
the design induce the blocks of the original Steiner triple system. It has been established that w ≥ v/3, and that when equality is
met, such a minimum embedding of an STS(v) exists, except when v = 15. Equality only holds when v ≡ 15, 27 (mod 30). One
natural question is: What is the smallest order w such that some STS(v) can be embedded into a (K4 − e)-design of order v + w?
We solve the problem for 7 of the 10 congruence classes modulo 30.
c© 2007 Elsevier B.V. All rights reserved.
Keywords: Embedding
1. Introduction and definitions
A G-packing of a graph H is a pair (V,B), where V is the vertex set of H and B is a set of edge-disjoint copies of
G in H , called blocks. Such a packing is maximum if |B| ≥ |B′| for all other G-packings (V,B′) of H . The leave L
of a G-packing is the set of edges of H that occur in no block of the packing; we also refer to the subgraph induced
by the edges in L as the leave. The leave of a maximum packing is referred to as a minimum leave.
A G-system of H is a G-packing of H with leave L = ∅. A G-design (V,B) of order v is a G-system of Kv , the
complete graph on v vertices. The elements of V are also called points.
A G-group divisible design (G-GDD) is a triple (V,G,B), where V is a finite set, G = {g1, g2, . . . , gn} is a partition
of V into subsets called groups, and B is a collection of isomorphic copies of G, called blocks, which partition the
edges of Kg1,g2,...,gn on the vertex set V . If for i = 1, 2, . . . , t , there are ki groups of size ni , the G-GDD is of type
nk11 n
k2
2 . . . n
kt
t .
Let {p1, p2, . . . , ph} be a subset of positive integers. A {p1, p2, . . . , ph}-GDD is a triple (V,G,B), where V is a
finite set, G = {g1, g2, . . . , gn} is a partition of V into subsets called groups, and B is an edge-disjoint decomposition
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of Kg1,g2,...,gn on vertex set V into subgraphs, called blocks, such that B is isomorphic to some K pi for every B ∈ B.
In this case we say that B is of size pi . If for i = 1, 2, . . . , t , there are ki groups of size ni , the {p1, p2, . . . , ph}-GDD
is of type nk11 n
k2
2 . . . n
kt
t .
A {p1, . . . , p?i , . . . , ph}-GDD denotes a {p1, p2, . . . , ph}-GDD containing exactly one block of size pi . It could
happen that there exists a {p1, . . . , ph}-GDD having no block of size pi for some i ∈ {1, 2, . . . , h}. We will write
{p1, . . . , p?i , pi , . . . , ph}-GDD to assure that there exists at least one block of size pi .
We will write p-GDD instead of {p}-GDD. Note that a p-GDD coincides with a K p-GDD.
An ISTS(v,w) denotes a 3-GDD of type 1v−ww1; we refer to the w points in a group as the hole.
A TD(k, n) is simply a k-GDD of type nk . A TD(k, n)(V,G,B) is resolvable if its blocks can be partitioned into
sets B1, . . . ,Bs , where every element of V occurs exactly 1 time in each Bi .
For results on the existence of TD(k, n), we refer the reader to [1]. We assume familiarity with basic techniques in
design theory including Wilson’s Fundamental Construction and inflation (see [2] and the references therein).
A Steiner triple system of order v (STS(v)) is a 3-GDD of type 1v . A natural class of questions has been studied.
Given a graph G and an induced subgraph H of G, when does there exist a G-design of order v + w on the point set
V ∪ W , with |V | = v and |W | = w, so that restricting the blocks of the G-design to the points in V , we obtain the
blocks of an H -design of order v? This is an embedding of the H -design into the G-design.
Example 1.1. A (K4 − e)-design of order 10 embedding an STS(7).
Denote by [i, j, k, l] a K4 − e having vertex set {i, j, k, l} and missing edge {k, l}; i.e. the edge set of [i, j, k, l] is
{{i, j}, {i, k}, {i, l}, { j, k}, { j, l}}. Let V = Z7 and W = {a, b, c}. The blocks of the (K4 − e)-design on V ∪ W are
[1, 3, 0, a], [4, 5, 0, a], [2, 6, 0, a], [2, 4, 1, b], [5, 6, 1, b], [2, 5, 3, c], [4, 6, 3, c], [c, b, 1, 3], [0, a, b, c].
In [6] we considered the problem of embedding a Steiner triple system into a G-design where G = K4 − e; when
v ≡ 15, 27 (mod 30) except when v = 15, there exists a STS(v) that can be embedded into a (K4 − e)-design of
order 4v3 . Any embedding of STS(v) into a (K4 − e)-design of order v +w must satisfy w ≥ v3 [6]. Furthermore, the
existence of a (K4 − e)-design of order v + w implies that v + w ≡ 0, 1 (mod 5). Therefore, one can tabulate the
smallest w such that some STS(v) can be embedded into a (K4 − e)-design of order v + w. We do this next.
STS(v) w (K4 − e)-design: v+w Status
30t + 1 10t + 4 40t + 5 Open
30t + 3 10t + 2 40t + 5 Theorem 4.8
30t + 7 10t + 3 40t + 10 Theorem 4.4
30t + 9 10t + 6 40t + 15 Theorem 4.13
30t + 13 10t + 7 40t + 20 Open
30t + 15 10t + 5 40t + 20 [6]
30t + 19 10t + 7 40t + 26 Theorem 4.4
30t + 21 10t + 9 40t + 30 Theorem 4.3
30t + 25 10t + 10 40t + 35 Open
30t + 27 10t + 9 40t + 36 [6]
Let G be a circulant graph, i.e. an n-vertex graph that admits an n-cycle as an automorphism. We employ a well-
known result extensively:
Theorem 1.2 (Stern–Lenz Lemma; See [7, Chapter 1]). A circulant G on Zg with connection set D has a 1-
factorization if and only if there exists an element d ∈ D having even order in Zg .
In a 3-GDD of type (3n)k , a 23 -frame parallel class is a set of
3n(k−1)
2 blocks in each of which two of the three
points are marked; the 3n(k−1)marked points cover all 3n(k−1) points missing one group. A 23 -frame of type (3n)k
is a 3-GDD of type (3n)k whose blocks are partitioned into nk 23 -frame parallel classes, so that each group is missed
by exactly n classes.
Theorem 1.3. [6] If n 6∈ {2, 6, 8}, then there exists a 23 -frame of type 6n .
Lemma 1.4. There exists a 23 -frame of type 3
3 and 35.
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Proof. A TD(3, 3) has three parallel classes. Associate a different parallel class to each group, and mark the two
points not in the group. This is a 23 -frame of type 3
3. Let V = Z15 with groups the cosets of {0, 5, 10}. The base
blocks are B = {{0, 1, 4}, {0, 2, 3}} (marked points underlined). B, B + 5, B + 10 generate a 23 -frame parallel class
missing the group {0, 5, 10}. Develop them to obtain a 23 -frame of type 35. 
Theorem 1.5. For every n ≥ 3, there exists a 23 -frame of type 6n .
Proof. By Theorem 1.3, we only need to settle existence when n ∈ {6, 8}. When n = 6, take a 3-GDD of type 26 and
give weight 3 using a 23 -frame of type 3
3 to obtain the result. When n = 8, take a {3, 5}-GDD of type 28 and give
weight 3. The frames exist by Lemma 1.4. 
In the rest of this paper, we denote the graph K4 − e by G; [i, j, k, l] represents the complete graph on the set
{i, j, k, l} with the edge {k, l} deleted. For definitions or results not explicitly cited here, we refer the reader to [4].
2. Results on G-designs
Here we present various results on G-designs to be used in subsequent sections.
Theorem 2.1. [5] There exists a G-GDD of type gu if and only if u ≥ 3, g ≡ 0 (mod 5) or u ≡ 0, 1 (mod 5), and
(g, u) 6= (1, 5).
Lemma 2.2. There exists a G-GDD of type 2n12 for all n ≡ 1, 3 (mod 5).
Proof. Let G = Z2n+2. The groups of size 2 are {2i, 2i + 1} for i = 0, 1, . . . , n − 1. For n = 1, a single G suffices.
Inflate using weight 2 to form a G-GDD of type 2241 and fill the hole to obtain type 2312. For n = 6, take copies of
G as follows:
[6, 2, 10, 8] [5, 13, 2, 8] [7, 4, 1, 3] [1, 12, 2, 6] [9, 1, 5, 10] [12, 9, 3, 4]
[13, 3, 10, 1] [9, 11, 2, 7] [0, 2, 7, 4] [11, 0, 12, 5] [9, 13, 0, 6] [3, 6, 5, 0]
[11, 4, 13, 6] [10, 5, 7, 12] [8, 10, 0, 4] [7, 12, 8, 13] [11, 8, 3, 1].
For n = 8, take copies of G as follows:
[2, 6, 4, 17] [14, 12, 4, 16] [15, 7, 9, 5] [7, 8, 3, 4] [13, 3, 5, 4]
[0, 9, 3, 13] [3, 11, 6, 14] [6, 9, 12, 10] [2, 9, 16, 5] [9, 4, 11, 17]
[5, 0, 10, 17] [8, 5, 12, 16] [16, 4, 10, 1] [0, 16, 7, 6] [8, 10, 17, 1]
[11, 12, 15, 0] [2, 15, 10, 1] [12, 7, 17, 2] [15, 0, 4, 8] [6, 13, 15, 1]
[2, 14, 0, 13] [12, 3, 10, 1] [1, 14, 9, 17] [15, 3, 16, 17] [7, 10, 14, 13]
[16, 17, 13, 11] [11, 1, 7, 5] [14, 6, 5, 8] [8, 11, 2, 13].
There exists a G-GDD of type 1t 21 for all t ≡ 0, 2 (mod 5) and t ≥ 10 [3]. Inflate using weight 2 to obtain a G-GDD
of type 2t 41. Fill in the group of size 4 with a G-GDD of type 2112 to obtain a G-GDD of type 2t+112. 
Lemma 2.3. There exists a G-GDD of type 110t+6101 for all t ≥ 0.
Proof. When t = 0, take a 1-factorization of K6. For each 1-factor, add 2 infinite points to every edge to obtain G.
Since there are five 1-factors in the given 1-factorization of K6, we obtain a G-GDD of type 16101. When t = 1, let
V = Z16 and develop [2, 7, 0, 6] to produce 16 copies of G. The unused differences are 3, 6, 8; since the order of 3
is even, apply Theorem 1.2 to obtain five 1-factors. Attach 2 infinite points to each to form a G-GDD of type 116101.
When t = 2, let V = Z26 and develop [8, 11, 0, 6] and [9, 10, 0, 3] to generate 52 copies of G. The unused differences
are 4, 12, 13. The order of 13 is even so we can apply Theorem 1.2 to obtain five 1-factors on the 26 points. Attach 2
infinite points to each to obtain a G-GDD of type 126101.
When t ≥ 3, we use recursion. When t ∈ {3, 4}, start from a TD(4, 3) and give weight 5 to points in 3 groups and
weight 0 or 5 to points in the last group to obtain a G-GDD of type 153x1 for x ∈ {0, 10}; then add one point to fill
in the hole. In this way we fill in three groups with either a G-GDD of type 111 or 116; fill one group with a 16101.
When t = 5, remove 3 points in a block of a TD(4, 4) to obtain a {3, 4}-GDD of type 3341; give weight 5 and fill in
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the hole. For t ≥ 6, take a TD(3, n) and give weight 5 to points in two groups and weight 5 or 10 to points in the last
group to obtain a G-GDD of type (5n)2(5n + 5x)1. When n is odd, and there exists a G-GDD of type 15(n−2)+1101,
there exists a G-GDD of type 15(3n−2+x)+1101. This settles all t ≥ 6. 
Lemma 2.4. There exist G-GDDs of type 2551 and 11051.
Proof. For a G-GDD of type 2551, the groups are {0, 1, 2, 3, 4}, and {5+ 2i, 6+ 2i} for i = 0, 1, . . . , 4. The blocks
are as follows:
[13, 10, 4, 0], [12, 5, 8, 0], [4, 9, 5, 7], [7, 10, 11, 3], [0, 7, 6, 14],
[8, 6, 13, 3], [2, 9, 13, 14], [3, 12, 9, 14], [4, 6, 14, 12], [2, 10, 6, 12],
[13, 12, 1, 7], [8, 11, 4, 2], [13, 3, 5, 11], [9, 0, 11, 8], [5, 7, 2, 1],
[14, 5, 10, 11], [6, 1, 9, 11], [1, 8, 10, 14].
For a G-GDD of type 11051, the groups are {0, 1, 2, 3, 4} and {i} for i = 5, 6, . . . , 14. The blocks are as follows:
[0, 8, 14, 9], [11, 12, 4, 3], [9, 3, 7, 10], [12, 13, 1, 6], [11, 7, 1, 6],
[6, 4, 14, 9], [12, 10, 7, 0], [13, 5, 4, 9], [5, 0, 6, 7], [13, 11, 10, 0],
[8, 3, 13, 6], [7, 13, 2, 14], [8, 5, 1, 12], [2, 11, 8, 5], [14, 5, 3, 10],
[14, 9, 1, 11] [4, 8, 7, 10] [10, 6, 2, 1] [12, 2, 9, 14]. 
Lemma 2.5. If t + q ≥ 2, there exists a G-GDD of type 25t 110q151 and a G-GDD of type 25t 110q+15.
Proof. By Theorem 2.1, there exists a G-GDD of type 10n for all n ≥ 3. Add 5 infinite points, and fill in all but one
hole with either 2551 or 11051 to obtain a G-GDD of type 25t 110q151 for all t + q ≥ 2. The G-GDDs of type 2551
and 11051 exist by Lemma 2.4. We can fill in the hole of size 15 using a G-GDD of type 115 from Theorem 2.1. 
Lemma 2.6. There exists a G-GDD of type 2511051.
Proof. Let V = Z25. The groups are {0, 1, 2, 3, 4}, {2i + 5, 2i + 6} for i = 0, 1, . . . , 4 and {i} for i = 15, 16, . . . , 24.
The blocks are as follows:
[12, 19, 16, 6], [11, 18, 15, 0], [23, 22, 13, 21], [8, 23, 11, 9], [17, 0, 9, 13],
[17, 4, 12, 21], [12, 15, 0, 24], [11, 13, 2, 21], [8, 12, 1, 21], [20, 17, 10, 19],
[0, 23, 7, 5], [22, 0, 24, 20], [5, 7, 9, 10], [10, 1, 16, 21] [22, 4, 9, 10],
[20, 14, 9, 15], [7, 20, 11, 13], [5, 15, 21, 22], [3, 23, 15, 14], [0, 16, 14, 21],
[11, 6, 22, 3], [12, 9, 13, 18], [19, 1, 18, 22], [10, 12, 23, 3], [6, 7, 2, 21],
[19, 4, 14, 13], [19, 10, 0, 15], [2, 15, 8, 17], [14, 6, 24, 1], [21, 3, 9, 18],
[4, 15, 7, 6], [6, 8, 0, 20], [2, 24, 9, 10], [10, 13, 6, 8], [17, 24, 11, 16],
[17, 7, 14, 1], [12, 22, 7, 2], [1, 20, 23, 24], [24, 18, 5, 13], [3, 16, 13, 20],
[22, 8, 14, 16], [5, 8, 3, 17], [18, 4, 20, 8], [5, 11, 4, 16], [19, 2, 5, 23],
[16, 9, 6, 15], [2, 21, 20, 14], [24, 19, 21, 8], [3, 7, 19, 24], [1, 13, 15, 5],
[10, 14, 11, 18], [4, 23, 16, 24], [17, 22, 3, 18], [23, 6, 17, 18], [16, 18, 2, 7],
[9, 11, 19, 1], [5, 12, 14, 20]. 
Lemma 2.7. There exists a G-GDD of type 25t 110t 251 for t = 0 and all t ≥ 2.
Proof. When t = 0, the result becomes: there exists a G-GDD of type 251, i.e. a G-design of order 25. This is true
by Theorem 2.1. When t ≥ 2, take a G-GDD of type 20t+1 from Theorem 2.1 and add 5 new points. Fill in all but
one group with a G-GDD of type 2511051 from Lemma 2.6 to obtain the desired GDD. 
3. NRCs and ANRCs in ISTSs
In this section, we consider various results on ISTSs.
In an ISTS(v, u), a 23 -near resolvable class (NRC) is a set of
v−u
2 blocks, with two points marked in each, whose
marked points collectively cover all but the u points in the hole. Similarly, a 23 -almost near resolvable class (ANRC)
404 A.C.H. Ling et al. / Discrete Mathematics 309 (2009) 400–411
is a set of v−u−22 blocks in the ISTS(v, u), two points marked in each, whose marked points collectively cover all
but the u points in the hole and two points outside the hole. Two ANRCs in a ISTS(v, u) are 2-compatible if the
two (additional) missing points in the two ANRCs coincide; this is a 2-compatible set. Similarly, three ANRCs in a
ISTS(v, u) are 3-compatible if the two missing points in the three classes are {a, b}, {a, c} and {b, c} respectively; this
is a 3-compatible set.
Lemma 3.1. The blocks of the STS (9)− STS (3) can be partitioned into four classes, three of 3 blocks each being a
2
3 -NRC on STS (9)− STS (3), and one of 2 blocks being a 23 -ANRC.
Proof. Take an STS(9) with the block B = {6, 7, 8}. The three remaining blocks through each point of B form a
2
3 -NRC avoiding B. The remaining two blocks that are disjoint from B form the ANRC. 
Suppose that there exists a 23 -frame of type 6
n ; index its groups as G0,G1, . . . ,Gn−1. Let Ai be a 23 -frame parallel
class missing group Gi . Let {ai , bi } ⊂ Gi for i ∈ {0, 1}. Let X be a set of 3 “infinite” points, i.e. new points not in the
frame. Our strategy is to place a copy of the ISTS(9, 3) onto the 6 + 3 points for each group plus the infinite points,
to obtain NRCs and ANRCs that are 2- or 3-compatible. In order to do so, we enforce additional requirements on the
frame.
The ISTS(9, 3) can be partitioned into 3 NRCs and 1 ANRC; by relabelling, the two missing points in the ANRC
can be any of the 6 points on the group. Two such blocks exist when n = 3 because every block of size 3 intersects
all 3 groups.
Let Ai be a 23 -frame parallel class missing the group Gi . Two
2
3 -frame parallel classes, Ai and A j , are compatible
if there exist B0 ∈ Ai and B1 ∈ A j such that |B0 ∩ Gi | = 1, |B0 ∩ G j | = 1, |B1 ∩ Gi | = 1, and |B1 ∩ G j | = 1.
Since B0 and B1 are blocks in Ai and A j , respectively, the points B0 ∩ Gi and B1 ∩ G j are not among the two points
marked for the 23 -frame parallel class.
We suppose without loss of generality that B0 = {a0, a1, x} ∈ A0 and B1 = {b1, b0, y}, and that a1, a2, b1, b2
are four distinct points. Put a copy of ISTS(9, 3) on the 23 -frame of type 6
n so that the two classes miss the points
according to the following table.
Group Missing points Original block Replacement block New missing points
G0 {a0, b0} {a0, a1, x} {a0, a1, x} {b0, a1}
G1 {b1, a1} {b1, b0, y} {b1, b0, y} {b0, a1}
As long as the two frame parallel classes have this property, we can construct an ISTS(v, 3) with a 2-compatible
set.
We consider another more complicated operation. Suppose that there are three groups G0,G1 and G2 and three
associated frame parallel classes, A0, A1, A2, respectively. Suppose that Bi ∈ Ai for i = 0, 1, 2 are 3 blocks in the
frame parallel classes. Assume that {ai , bi , ci } ⊂ Gi for i = 0, 1, 2. Let B0 = {a0, a1, x}, B1 = {b1, b2, y} and
B2 = {c0, c2, z} ∈ A2.
Place a copy of STS(9)−STS(3) on the 23 -frame of type 6n , and restrict attention to the three ANRCs on the Gi s
with the infinite points for i = 0, 1, 2. We assume that the three classes miss the points according to the following
table.
Group Missing points Original block Replacement block New missing points
G0 {a0, c0} {a0, a1, x} {a0, a1, x} {c0, a1}
G1 {b1, a1} {b1, b2, y} {b1, b2, y} {b2, a1}
G2 {c2, b2} {c0, c2, z} {c0, c2, z} {c0, b2}
In this manner we form 3-compatible sets.
Thus two 23 -frame parallel classes, A0, A1, for groups G0,G1, respectively, in a
2
3 -frame are compatible if there is
a block Bi ∈ Ai such that |Bi ∩ G j | > 1 for i, j = 0, 1 and the four points of intersection are distinct.
Similarly three 23 -frame parallel classes, A0, A1, A2 for groups G0,G1,G2 in a
2
3 -frame are compatible if there
is a block Bi ∈ Ai such that |Bi ∩ Gi | > 1 and |Bi ∩ Gi+1| > 1 where the index is modulo 3, and the 6 points of
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intersection are distinct. It follows that for three 23 -frame parallel classes for groups G0,G1,G2 in a
2
3 -frame of type
6n , the ANRCs from the ISTS(9, 3) used to fill Gi with the infinite points can be adjusted to form a 3-compatible set.
Lemma 3.2. Suppose that there exists a {3?, 3, 5}-GDD of type 2n with a block B of size 3 joining a pair of points in
group Gi and G j , i.e. B = {a, gi , g j } where gi ∈ Gi and g j ∈ G j . Then there exist two frame parallel classes in the
2
3 -frame of type 6
n , constructed by giving weight 3 to the GDD, that form a 2-compatible set.
Proof. In the standard frame construction, every point in the GDD is associated with a unique frame parallel class
missing the group. In the 23 -frame of type 3
3, one can identify two blocks that are 2-compatible. The same two blocks
are in the resulting frame. 
Lemma 3.3. Suppose that there exists a {3?, 3, 5}-GDD of type 2n with a block B of size 3 joining three points in
groups Gi , G j and Gk , i.e. B = {gi , g j , gk} where gi ∈ Gi , g j ∈ G j and gk ∈ Gk . Then there exist three frame
parallel classes in the 23 -frame of type 6
n , constructed by giving weight 3 to the GDD, that form a 3-compatible set.
Proof. We first show that there exist three frame parallel classes in the 23 -frame of type 3
3 that are 3-
compatible. The 23 -frame is on {0, 1, 2, . . . , 8}, the 3 groups are {0, 1, 2}, {3, 4, 5}, {6, 7, 8} and the 3 classes
are {{0, 3, 6}, {1, 4, 7}, {2, 5, 8}}, {{4, 0, 7}, {5, 1, 8}, {3, 2, 7}}, {{7, 5, 0}, {8, 3, 1}, {6, 4, 2}}. The 3 blocks {0, 3, 6},
{4, 0, 7}, and {6, 4, 2}, satisfy the property.
Since we are giving weight 3 in the frame construction, a block of size 3 intersecting the 3 groups is filled with a
2
3 -frame of type 3
3 that is 3-compatible. 
The other NRCs are obtained by combining NRCs on the ISTS with a frame parallel class, and by taking the union
of NRCs on the ISTS.
Lemma 3.4. There exists an ISTS (15, 3) with 4 NRCs and a 2-compatible set of ANRCs.
Proof. In the STS(15) on Z15 generated by the base blocks {0, 5, 10}, {0, 1, 4} and {0, 2, 8}, remove the block
{0, 5, 10} to form the hole. There are six blocks passing through points 0, 5 and 10; in each, mark the two points
other than 0, 5 or 10 to obtain 3 NRCs missing the hole. The other blocks can be partitioned as follows:
{4, 6, 12}, {4, 3, 7}, {4, 11, 13}, {12, 8, 9}, {13, 2, 14}
{1, 12, 13}, {1, 3, 9}, {1, 7, 14}, {3, 2, 6}, {7, 8, 11}
{11, 1, 6}, {12, 2, 7}, {8, 3, 13}, {14, 4, 9}, {6, 8, 14}{9, 11, 12}.
The first two sets of 5 blocks each are two ANRCs, both missing the points 1 and 4. The last set of 6 blocks forms an
NRC. 
Lemma 3.5. There exists an ISTS (27, 3) with 6 NRCs and two 2-compatible sets of ANRCs.
Proof. A 23 -frame of type 6
4 can be obtained using V = Z24 with groups Gi = {i, i + 4, i + 8, i + 12, i +
16, i + 20} for i = 0, 1, 2, 3. The base blocks A are {1, 2, 12}, {6, 15, 9} and {3, 5, 10}. The 6 marked points are
1, 2, 3, 5, 6, 7 (mod 8). Then A, A + 8, A + 16 form a 23 -frame parallel class missing G0. The block {1, 2, 12} is in
a 23 -frame parallel class missing G0 and the block {1 + 2, 2 + 2, 12 + 2} is in a 23 -frame parallel class missing G2,
satisfying the conditions of Lemma 3.2. Similarly, {1, 2, 12} + 1 is in a 23 -frame parallel class missing G1 and the
block {1, 2, 12} + 3 is in a 23 -frame parallel class missing G3, satisfying the conditions of Lemma 3.2. Therefore one
can obtain an ISTS(27, 3) with 6 NRCs, and 4 ANRCs partitioned into 2 classes of 2-compatible ANRCs. 
Lemma 3.6. For all even n ≥ 2, there exists an ISTS (6n+3, 3) with n+2 NRCs and n2 2-compatible sets of ANRCs.
Proof. When n ∈ {2, 4}, apply Lemmas 3.4 and 3.5. When n ≥ 6, take a 23 -frame of type 12
n
2 and add three infinite
points. Fill in the hole with an ISTS(15, 3) from Lemma 3.4. 
Lemma 3.7. For all n ≥ 3, there exists an ISTS (6n + 3, 3) with n + 2 NRCs and n−32 2-compatible sets and one 3-
compatible set of ANRCs.
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Proof. For every n ≥ 3, there exists a 3-GDD or a {3, 5?}-GDD of type 2n . Pick one block of size 3. Then, we can pick
n−3
2 blocks of size 3 such that when we mark two points in each block, the collection of n − 3 points represents one
point from each group except the 3 groups covered by the block of size 3. Then give weight 3 and apply Lemmas 3.2
and 3.3. 
Lemma 3.8. There exists an ISTS (21, 3) with 5 NRCs and one 3-compatible set of ANRCs.
Proof. Inflate a 3-GDD of type 23 using a 23 -frame of type 3
3 to obtain a 23 -frame of type 6
3. Each point in the 3-GDD
of type 23 gives a 23 -frame parallel class. By Lemma 3.3, the
2
3 -frame of type 3
3 contains three 3-compatible frame
parallel classes. Picking the same three blocks leads to 3-compatible frame parallel classes for the 23 -frame of type 6
3.
Add three points to obtain the result. 
Lemma 3.9. There exists an ISTS (33, 3) whose blocks can be partitioned into 7NRCs and one 2-compatible set and
one 3-compatible set of ANRCs.
Proof. We first construct a 3-GDD of type 65 over Z30 with groups developed from G0 = {0, 5, 10, 15, 20, 25}
(Gi = G0+ i). The base blocks are {1, 4, 8}, {15, 6, 7}, {15, 1, 13}, and {3, 2, 9}. The 8 underlined numbers represent
1, 2, 3, 4, 6, 7, 8, 9 (mod 10). We generate a 23 -frame of type 6
5 by adding 0, 10, 20 to obtain a frame parallel class
missing the group {0, 5, 10, 15, 20, 25}. The other frame parallel classes are obtained by adding i for i = 1, 2, . . . , 9.
Consider the blocks {15, 1, 13} + 0, {15, 6, 7} + 1, and {15, 6, 7} + 3 from a frame parallel missing G0,G1 and
G3 respectively. Change the marked points to {15, 1, 13}, {16, 7, 8}, and {18, 9, 10}. When we place an ISTS(9, 3)
on the groups, it has only one ANRC. On the copy corresponding to G0, the missing points are {10, 15}. On the
copy corresponding to G1, the missing points are {16, 1}, and on the copy corresponding to G3, the missing points are
{18, 8}. The 3 ANRCs constructed miss {1, 10}, {1, 8} and {8, 10}, respectively. Hence, the 3 ANRCs are 3-compatible.
Likewise, consider the blocks {15, 6, 7} + 2, and {15, 1, 13} + 4, from a frame parallel class missing G2 and G4,
respectively. Change the marked points to obtain {17, 8, 9} and {19, 5, 7}. When we place an ISTS(9, 3) on the groups,
it has only one ANRC. The two ANRCs constructed from the two frame parallel classes both miss {7, 9}. Hence the
two ANRCs are 2-compatible.
The other NRCs are obtained by combining NRCs on the ISTS with a frame parallel class, and by taking the union
of NRCs on the ISTS. 
Lemma 3.10. For all n ≡ 5 (mod 10), there exists an ISTS (6n + 3, 3) with n + 2 NRCs, and one 3-compatible set
and n−32 2-compatible sets of ANRCs.
Proof. When n ∈ {3, 5}, the result is proved in Lemmas 3.8 and 3.9. Take a TD(5,m) for m ≥ 7 and m 6= 6, 10.
Remove one point to define a {5, n}-GDD of type 4m(m−1)1. Truncate the group of size m−1 to either 3 or 5 points,
and give weight 6 to obtain a 23 -frame of type 24
m181 or 24m301. Add 3 points and fill in the hole with the ISTS(a, 3)
for a = 21, 27, 33 to obtain an ISTS(24m + 18 + 3, 3) or ISTS(24m + 30 + 3, 3). When n ≡ 5 (mod 10), we have
obtained all values except when n ∈ {15, 25, 45}. When n = 15, remove one point in one group of a TD(4, 4) to
obtain a {3, 4}-GDD of type 4331. Give weight 6 and fill in the hole with three infinite points. When n = 25, remove
5 points in a block of a TD(6, 5) to get a {5, 6}-GDD of type 4551. Give weight 6 and fill in the holes. When n = 45,
remove points in one group of a TD(6, 8) to obtain a {5, 6}-GDD of type 8551. Give weight 6 and fill in the holes. 
Next we construct an ISTS(6n + 9, 9) with n + 6 NRCs and n ANRCs that are all 2-compatible except for one set
that is 3-compatible. We use the method for ISTS(6n + 3, 3) but start from a certain 23 -frame of type 6n+1 where one
group has special properties.
Lemma 3.11. For n ∈ {3, 4} and all n ≡ 0 (mod 5), there exists an ISTS (6n + 9, 9) that has n + 6 NRCs; when n is
odd it has n−32 2-compatible sets and one 3-compatible set of ANRCs, when n is even it has
n
2 2-compatible sets.
Proof. n = 3: Let V = Z18. Consider the base blocks {0, 6, 12} and {0, 1, 4}. The unused differences can be used
to form nine 1-factors on V by Theorem 1.2. Add nine new points, one to each 1-factor to obtain the nine
NRCs; the marked points are those on V . Use the 24 blocks generated by {0, 6, 12} and {0, 1, 4} to obtain
three ANRCs that are 3-compatible. The three classes are:
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{0, 1, 5}, {3, 4, 8}, {6, 7, 11}, {10, 13, 14}, {12, 13, 17}, {15, 16, 2}, {11, 17, 5}, and {8, 14, 2}.
{1, 2, 6}, {4, 5, 9}, {7, 8, 12}, {10, 11, 15}, {13, 14, 0}, {16, 17, 3}, {6, 12, 0}, and {9, 15, 3}.
{2, 3, 7}, {5, 6, 10}, {8, 9, 13}, {11, 12, 16}, {14, 15, 1}, {17, 0, 4}, {13, 1, 7}, and {10, 4, 16}.
The three ANRCs are missing {0, 2}, {0, 16}, and {2, 16} respectively.
n = 4: Let V = Z24. We construct four 23 -frame parallel classes on 64 together with six 1-factors. The base blocks
are {0, 2, 5} and {0, 1, 10}. The blocks {0, 2, 11} and {0, 2, 11} + 14 are from frame parallel classes missing
G0 and G2, respectively, and satisfy the condition in Lemma 3.2. Adding 1 to both blocks yields another pair
of 2-compatible frame parallel classes. Now fill in the groups of the 64 with the ISTS(9, 3). The three NRCs
from the ISTSs are combined to form three NRCs on the ISTS(33, 9) and the six 1-factors give another six.
n = 5: Let V = Z30. We construct five 23 -frame parallel classes on 64, two NRCs and six 1-factors. The eleven NRCs
are then obtained as follows: six from the 1-factors when attaching new points, three when placing copies of
the ISTS(9, 3) on the groups of size 6, and two from the constructed NRCs. The five ANRCs are constructed
using the frame, adjusting the marked points. The base blocks are {0, 1, 8}, {0, 2, 6}, and {0, 3, 14}. The first
block generates two NRCs since 1 and 8 are of different parity. The last two blocks generate five frame
parallel classes. The three missing differences generate six 1-factors by Theorem 1.2. The blocks of the form
{0, 2, 6}+ 5i + j and {0, 3, 14}+ 5i + j are blocks missing G j = {0, 5, 10, 15, 20, 25}+ j for all 0 ≤ i ≤ 5
and 0 ≤ j ≤ 4. The blocks {0, 2, 6}, {0, 2, 6} + 1 and {0, 3, 14} + 2 are in three different frame parallel
classes for groups G0,G1 and G2. Also, {0, 2, 6} + 3, {0, 3, 14} + 4 are two blocks in two different frame
parallel classes for groups G3 and G4. The result follows by Lemmas 3.2 and 3.3.
n = 10: We construct a design on 125 points with two frame parallel classes missing each group, six 1-factors and six
NRCs. When such a design exists, we put a copy of ISTS(15,3) from Lemma 3.4 on each group with three
infinite points, together with six other points joining the six 1-factors to obtain the desired result. To construct
such design on V = Z60, the groups are {0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55} + i for 0 ≤ i ≤ 4. The
base blocks are {0, 6, 27}, {0, 3, 22}, {0, 11, 23}, {0, 1, 9}, {0, 2, 26}, {14, 23, 7}, {0, 4, 18}. Each of the first
three blocks generates two NRCs, and the last four blocks generate frame parallel classes since the marked
points fall into congruence classes 1, 2, 3, 4, 6, 7, 8, 9 (mod 10).
n = 15: Remove one point from a TD(4, 4). Then give weight 6 to obtain a 23 -frame of type 243181. Add nine infinite
points and fill in the holes with ISTS(33, 9) and ISTS(27, 9) (cases n ∈ {4, 5}).
n ≡ 0 (mod 20), n ≥ 20: Write n = 20k. Inflate a 23 -frame of type 65k using an RTD(4, 4) to obtain a 23 -frame of
type 245k . Then add nine infinite points and fill in the holes with an ISTS(33, 9) (the case when n = 4).
n = 25: Remove 5 points from a block of size 6 in a TD(6, 5). Give weight 6 to obtain a 23 -frame of type 245301 and
add 9 points.
n ≡ 10 (mod 20), n ≥ 30: Write n = 20k + 10. Inflate a 23 -frame of type 62k+1 using an RTD(3, 10) to obtain a
2
3 -frame of type 60
2k+1. Then add 9 infinite points, and fill in the holes with an ISTS(69, 9) (the case n = 10).
n ≡ 15 (mod 20), n ≥ 35: Write n = 20k + 15. Truncate points in one group of a TD(5, 5k + 3) to define a
{4, 5, 5k}-GDD of type 45k+331. Give weight 6 and fill in the holes.
n = 45: Truncate one group and one block of a TD(5, 11) to obtain a {3, 4, 5, 10}-GDD of type 41051. Give weight
6 and fill in the holes.
n ≡ 5 (mod 20), n ≥ 65: Write n = 20k + 5. Delete a point of a TD(5, 5k) to define a {5, 5k}-GDD of type
45k(5k−1)1. Further truncate the group of size 5k−1 to obtain a {4, 5, 5k}-GDD of type 45k51. Give weight
6 and fill in the holes. 
4. Minimum embedding in (K4 − e)-designs
When an STS(v) is embedded in a G-design of order v+w, the w extra points naturally partition the blocks of the
STS. Each of the w points is in at most v−12 blocks. The point “selects” two of the three points in blocks in its class
and the selected points are distinct. The simplest case is when the total number of blocks in an STS(v) is a multiple
of v−12 and the number of new points (w) is
v
3 . In that case, we just partition the blocks of the STS into
v
3 classes of
blocks with two points selected from every block, that together cover all but one (fixed) point. This can happen only
when v ≡ 15, 27 (mod 30). We examine five other congruence classes modulo 30 in this section.
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4.1. v ≡ 21 (mod 30)
Lemma 4.1. There exists an ISTS (30t + 21, 7) whose blocks can be partitioned into NRCs.
Proof. The number of blocks is 150t2 + 205t + 63 = (10t + 9)(15t + 7). Let V = Z30t+14. Let S = {{ar , br } |
r = 1, 2, . . . , 5t + 1} be a Skolem sequence of order 5t + 1 when 5t + 1 ≡ 0, 1 (mod 4) or a hooked Skolem
sequence of order 5t + 1 when 5t + 1 ≡ 2, 3 (mod 4) [8]. We construct 5t + 1 base blocks of size three using
{0, ar + 5t + 1, br + 5t + 1} for r = 1, 2, . . . , 5t + 1. Then 15t + 7 is an unused difference, so among all unused
differences, there is at least one that has even order in the group Z30t+14. Apply Theorem 1.2 to obtain seven 1-factors
on V ; add seven new points to construct seven NRCs by marking the two points in V for every class. Next we partition
the (5t + 1)(30t + 14) blocks of size three into NRCs. Among the 5t + 1 differences of the underlining points in the
base block, b1 + 5t + 1− a1 + 5t + 1 = 1 has even order in the group Z30t+14. Apply Theorem 1.2 to obtain 10t + 2
1-factors; each 1-factor gives one NRC since every edge corresponds to two points in a block. 
Lemma 4.2. There exists an STS(7) that can be embedded in a G-design of order 10.
Proof. See Example 1.1. 
Theorem 4.3. For every t ≥ 0, there exists an STS (30t+21) that can be embedded into a G-design of order 40t+30.
Proof. By Lemma 4.1, we can construct an ISTS(30t + 21, 7) whose blocks can be partitioned into NRCs. We add
one new point to each NRC, joining it to the two marked points in each block. There exists an STS(7) that can be
embedded into a G-design of order 10 by Lemma 4.2 and there exists a G-GDD of type 110t+6101 by Lemma 2.3. Fill
in the hole of size 7+ 10t + 9 points by aligning the seven points of the STS with the hole of size 7 in the ISTS, then
adding three points to complete a G-design of order 10, and filling the rest with a G-GDD of type 110t+6101. 
4.2. v ≡ 7, 19 (mod 30)
Theorem 4.4. Let v ≡ 7, 19 (mod 30). There exists a STS (v) that can be embedded into a G-design of order v+ v+23 .
Proof. Start with a 23 -frame of type 6
v−1
6 with groups G1,G2, . . . ,G v−1
6
. Adjoin one infinite point a. Build an STS(v)
using the blocks in the frame and filling in the holes with copies of an STS(7) on Gi ∪ {a}. The STS(7) in Lemma 4.2
is in fact an ISTS(7, 1) with one NRC and a 2-compatible set of ANRCs (both missing {1, 3}). Use the standard frame
construction by associating frame parallel classes to ANRCs, to obtain 2 v−16 ANRCs forming
v−1
6 2-compatible sets
of ANRCs, along with one NRC (missing the point a). Take the ISTS(v, 1) with one NRC and v−16 2-compatible sets
of ANRCs. Let the point set of the ISTS be Zv with the hole of size one chosen to be {0}.
Call the NRC N1 and the ANRCs A1, A2, . . . , A2 v−16
so that A2i and A2i−1 form a 2-compatible set for
1 ≤ i ≤ v−16 .
We construct a G-design on Zv
⋃{n1}⋃∪2 v−16i=1 {ai }. For each block {x, y, z} ∈ N1, construct [y, z, ni , x]. For each
block {x, y, z} ∈ Ai , construct [y, z, ai , x]. If points α and β are both missing in A2i and A2i−1, add [a2i , a2i−1, α, β].
Put a copy of a G-GDD of 2
v−1
6 12 (from Lemma 2.5) on {n1} ∪ {0} ∪ ∪i=2
v−1
6
i=1 {ai } so that the groups of size two are
{a2i , a2i−1} for 1 ≤ i ≤ v−16 . Such a G-GDD exists by Lemma 2.2. 
4.3. v ≡ 3, 9 (mod 30)
Lemma 4.5. If v = 60t+3, then there exists an STS (60t+3) that can be embedded into a G-design of order 80t+5
for all t ≥ 1.
Proof. Take an ISTS(60t + 3, 3) with 10t + 2 NRCs and 5t 2-compatible sets of ANRCs; the point set is Z60t+3 with
the hole of size 3 on {0, 1, 2}. Label the 10t+2 NRCs as N1, N2, . . . , N10t+2 and the 10t ANRCs as A1, A2, . . . , A10t ,
so that A2i and A2i−1 are 2-compatible for 1 ≤ i ≤ 5t .
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We construct a G-design on Z60t+3
⋃∪10t+2i=1 {ni }⋃∪10ti=1{ai }. For each block {x, y, z} ∈ Ni , we construct
a copy of G by [y, z, ni , x]. For each block {x, y, z} ∈ Ai , construct [y, z, ai , x]. If points a and b are both
missing in A2i and A2i−1, add [ai , ai+1, a, b]. Put a copy of a G-GDD of type 25t 110t+5 (from Lemma 2.5) on
∪i=10t+2i=1 {ni }
⋃{0, 1, 2}⋃∪i=10ti=1 {ai } so that the five groups of size two are {a2i , a2i−1} for 1 ≤ i ≤ 5t and {0, 1, 2}
form a triangle in a copy of G. 
Lemma 4.6. Let V = Z15 be the vertex set of K15. There exists a G-packing of K15 with leave {{1, 2}, {1, 4}, {2, 4},
{1, 3}, {1, 5}, {3, 5}, {2, 3}, {2, 6}, {3, 6}, {4, 5}}.
Proof. Let V = Z15. The blocks are as follows:
[2, 12, 13, 8], [11, 14, 2, 7], [6, 5, 7, 8], [1, 12, 6, 9], [12, 5, 4, 11],
[13, 1, 7, 4], [12, 7, 0, 3], [8, 7, 10, 4], [13, 9, 8, 5], [6, 11, 3, 13],
[10, 14, 12, 9], [14, 0, 5, 13], [4, 6, 14, 9], [11, 0, 8, 9], [11, 10, 1, 4],
[9, 2, 3, 7], [10, 3, 5, 13], [8, 14, 1, 3], [6, 10, 2, 0]. 
Lemma 4.7. If v = 60t + 33, then there exists an STS (60t + 33) that can be embedded into a G-design of order
80t + 45.
Proof. Take an ISTS(60t+33, 3) with 10t+7 NRCs, N1, N2, . . . , N10t+7, and 10t+5 ANRCs, A1, A2, . . . , A10t+5,
such that {A1, A2, A3} is a 3-compatible set, and {A2i , A2i+1} is a 2-compatible set for 2 ≤ i ≤ 5t + 2. We
construct a G-design on Z60t+33 ∪ ∪10t+7i=1 {ni } ∪ ∪10t+5i=1 {ai }. For each block {x, y, z} ∈ Ni , construct [y, z, ni , x].
For each block {x, y, z} ∈ Ai , construct [y, z, ai , x]. If points a and b are missing in both A2i and A2i+1, add
[a2i , a2i+1, a, b]. If points a and b are missing in A1, points a and c are missing in A2 and points b and c are
missing in A3, add [a1, a2, a, a4], [a1, a3, b, a5], and [a2, a3, c, n1]. Put a copy of a G-GDD of type 25t 110t 151 on
∪i=10t+7i=1 {ni }
⋃∪10t+5i=1 {ai }⋃{0, 1, 2} aligning the group of size 15 on {n1, n2, . . . , n7, 0, 1, 2, a1, a2, . . . , a5} and the
groups of size 2 on {a2i , a2i+1} for 3 ≤ i ≤ 5t + 2. On the group of size 15, put a copy of the G-packing of K15
from Lemma 4.6, identifying the points ai with i , and n7 with 7. 
Collecting Lemmas 4.5 and 4.7 we obtain the following theorem.
Theorem 4.8. For every t ≥ 0, there exists an STS (30t + 3) that can be embedded into a G-design of order 40t + 5.
Lemma 4.9. The STS (9) can be embedded into a G-design of order 15.
Proof. Let V = Z9 and W = {a, b, c, d, e, f }. The blocks are:
[a, b, 0, 1] [a, c, 2, 3], [a, d, 4, 5], [a, 6, e, f ], [b, 2, d, e],
[c, 8, b, e], [d, 7, c, e], [ f, 3, d, e], [ f, 5, b, c], [0, 1, 2, e],
[4, 5, 3, e], [7, 8, 6, a], [0, 6, 3, d], [1, 4, 7, f ], [2, 8, 5, f ],
[0, 4, 8, c], [1, 6, 5, c], [3, 7, 2, b], [0, 7, 5, f ], [1, 8, 3, d],
[4, 6, 2, b]. 
Lemma 4.10. There exists an STS (60t + 9) that can be embedded into a G-design of order 80t + 15.
Proof. Take an ISTS(60t+9, 9) on Z60t+9 with the hole on {6, 7, . . . , 14}, having 10t+6 NRCs, N1, N2, . . . , N10t+6,
and 10t ANRCs, A1, A2, . . . , A10t , such that A2i , A2i−1 are 2-compatible for 1 ≤ i ≤ 5t . We construct a G-design on
Z60t+9 ∪ ∪10t+6i=1 {ni } ∪ ∪10ti=1{ai }. For each block {x, y, z} ∈ Ni , construct [y, z, ni , x]. For each block {x, y, z} ∈ Ai ,
construct [y, z, ai , x]. If points a and b are missing in both A2i and A2i−1, add [a2i , a2i−1, a, b]. Put a copy of a
G-GDD of type 25t 110t 151 on ∪10t+6i=1 {ni }
⋃∪8i=0{i}⋃∪10ti=1{ai } aligning the group of size 15 on ∪6i=1{ni } ∪∪14i=6{i},
and the groups of size 2 on {a2i , a2i−1} for 1 ≤ i ≤ 5t . On the group of size 15, put a copy of the G-design on 15
points from Lemma 4.6, identifying the points ni with i for i = 1, 2 . . . , 6 and j with j for j ∈ {6, 7, . . . , 14}. 
Lemma 4.11. Let Z25 be the vertex set of K25. There exists a G-packing of K25 whose leave is the three triangles
{{13, 14, 16}, {13, 15, 17}, {14, 15, 18}} together with an edge {18, 24}, that induces an STS (9) on {0, 1, 2, . . . , 8}.
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Proof. We present the blocks of the G-packing as follows:
[0, 1, 2, 24], [3, 4, 5, 20], [6, 8, 7, 9], [0, 3, 6, 23], [1, 4, 7, 19],
[2, 5, 8, 10], [0, 8, 4, 22], [5, 6, 1, 24], [2, 7, 3, 11], [5, 7, 0, 21],
[1, 8, 3, 12], [2, 6, 4, 12], [14, 24, 3, 11], [2, 24, 9, 13], [3, 21, 13, 19],
[5, 23, 12, 15], [14, 12, 4, 19], [8, 19, 24, 11], [16, 1, 17, 22], [13, 9, 1, 12],
[16, 18, 2, 3], [20, 16, 6, 5], [21, 12, 24, 0], [20, 10, 13, 19], [16, 10, 4, 24],
[7, 9, 14, 20], [17, 9, 3, 23], [13, 23, 6, 11], [1, 20, 15, 11], [12, 3, 22, 11],
[10, 21, 11, 22], [0, 10, 9, 14], [9, 21, 4, 15], [7, 12, 17, 10], [13, 19, 0, 5],
[4, 24, 23, 15], [9, 16, 11, 19], [18, 19, 6, 22], [23, 7, 16, 19], [16, 15, 0, 12],
[17, 10, 6, 18], [4, 22, 13, 17], [17, 20, 0, 24], [2, 23, 21, 22], [20, 14, 2, 22],
[15, 10, 8, 3], [1, 23, 10, 18], [18, 11, 0, 4], [17, 5, 14, 11], [7, 22, 24, 15],
[2, 19, 15, 17], [8, 21, 16, 17], [13, 18, 8, 7], [23, 8, 20, 14], [20, 18, 21, 12],
[14, 21, 1, 6], [9, 5, 18, 22], [6, 11, 15, 22]. 
Lemma 4.12. There exists an STS (60t + 39) that can be embedded into a G-design of order 80t + 55.
Proof. Take an ISTS(60t + 39, 9) on Z60t+39, having 10t + 11 NRCs, N1, N2, . . . , N10t+11, and 10t + 5 ANRCs,
A1, A2, . . . , A10t+5; {A1, A2, A3} is a 3-compatible set, and {A2i , A2i+1} is a 2-compatible set for 2 ≤ i ≤ 5t + 2.
We construct a G-design on point set Z60t+39
⋃∪10t+11i=1 {ni }⋃∪10t+5i=1 {ai }. For each block {x, y, z} ∈ Ni , construct[y, z, ni , x]. For each block {x, y, z} ∈ Ai , construct [y, z, ai , x]. If points a and b are missing in both Ai and Ai+1,
add [ai , ai+1, a, b]. If points a and b are missing in A1, points a and c are missing in A2 and points b and c are missing
in A3, we treat two cases.
t = 1 or t ≥ 3: Add [a1, a2, a, a4], [a1, a3, b, n1], and [a2, a3, c, n2]. Put a copy of a G-GDD of type
25t 110t 251 (from Lemma 2.7) on ∪10t+11i=1 {ni }
⋃∪10t+5i=1 {ai }⋃{0, 1, . . . 8} aligning the group of size 25
with {n1, n2, . . . , n11, 0, 1, 2, . . . , 8, a1, a2, . . . , a5}, and the groups of size 2 with {ai , ai+1} for i =
6, 8, . . . , 10t + 4. On the group of size 25, put a copy of a G-packing of K25 from Lemma 4.11, identifying
the points (a1, a2, a3, a4, a5) with (13, 14, 15, 18, 24) and the STS(9) with {0, 1, 2, 3, 4, 5, 6, 7, 8}.
t = 2: Add [a1, a2, a, a4], [a1, a3, b, a5], and [a2, a3, c, n6]. Fill in one hole of a G-GDD of type 153
(from Theorem 2.1) with a G-GDD of type 2551 from Lemma 2.4. On the resulting G-GDD of type
2515152, put a copy of a G-design of order 15 containing an STS(9) (from Lemma 4.9) on points
{0, 1, 2 . . . , 8} ∪ {n16, . . . , n21} aligning the STS(9) with {0, 1, . . . , 8}. On another group of size 15, put a
copy of G-packing of K15 points with 10-edge leave (from Lemma 4.6) on {a1, a2, . . . , a5, n6, n7, . . . , n15},
aligning the points ai with i and n j with j . Then align the groups of size two with {a2i , a2i+1} for
i ∈ {3, 4, 5, 6, 7} and the remaining 5 points with n1, n2, . . . , n5. 
Collecting Lemmas 4.10 and 4.12 we obtain the following theorem.
Theorem 4.13. For every t ≥ 0, there exists an STS (30t+9) that can be embedded into a G-design of order 40t+15.
5. Concluding remarks
Perhaps the most surprising aspect of this work is the apparent difficulty of treating cases in which the number w
of additional points is slightly larger than v3 . Indeed while it is reasonable to expect that such an embedding exists
whenever w ≥ v3 and the elementary necessary conditions are met, such a result appears to require new techniques.
In this paper we have provided one technique that is promising in this regard, namely the use of compatible and
3-compatible sets of ANRCs.
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